In this paper, an incompressible thermohydrodynamics for the lattice Boltzmann scheme is developed. The basic idea is to solve the velocity field and the temperature field using two different distribution functions. A derivation of the lattice Boltzmann scheme from the continuous Boltzmann equation is discussed in detail. By using the same procedure as in the derivation of the discretised density distribution function, we found that a new lattice of four-velocity model for internal energy density distribution function can be developed where the viscous and compressive heating effects are negligible. This model is validated by the numerical simulation of the porous plate couette flow problem where the analytical solution exists and the natural convection flows in a square cavity.
Introduction
The lattice Boltzmann method is considerably as an alternative approach to the well-known finite difference, finite element, and finite volume techniques for solving the Navier-Stokes equations. Lattice Boltzmann method evolved from Lattice Gas Automata 1 simulates fluid flows by tracking the evolution of the single-particle distribution. Although as a new comer in numerical scheme, the lattice Boltzmann approach has found recent successes in a host of fluid dynamical problems, including flows in porous media, magnetohydrodynamics, immiscible fluids, and turbulence. However, the simulation of flows with heat transfer turned out to be much more difficult.
In general, the current thermal lattice Boltzmann models fall in three categories: the multispeed approach, 2 the passive scalar approach, 3 and the thermal energy distribution model proposed by He et al. 4 The multispeed approach uses the same distribution function in defining the macroscopic velocity, pressure and temperature. In addition to mass and momentum, in order to preserve the kinetic energy in the collision on each lattice point, this model requires more variations of speed than those of isothermal model and equilibrium distribution function usually include higher order velocity terms. However, this model is reported to suffer severe numerical instability, and not computationally efficient.
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In passive scalar model, the flow fields (velocity and density) and the temperature are represented by two different distribution functions. The macroscopic temperature is assumed to satisfy the same evolution equation as a passive scale, which is advected by the flow velocity but does not affect the flow field. It has been shown that the passive scalar model has better numerical stability than the multispeed model. 6 He et al. 4 in their model introduces the internal energy density distribution function which can be derived from the Boltzmann equation. This model is shown to be a suitable model for simulating real thermal problems. However, complicated gradient operator term appears in the evolution equation and thus the simplicity property of the lattice Boltzmann scheme has been lost.
In this paper, we developed a new four-velocity lattice model of the internal energy density distribution function for incompressible flow where the compression work done by the pressure and viscous heat dissipation can be neglected. The numerical stability of the new model is higher than the previously proposed 7 fourvelocity lattice model.
The rest of the paper is organized as follows. In Sec. 2, we show the theory of the internal energy density distribution function and the discritization procedure of continuous Boltzmann equation which will lead in developing of our new type of four-velocity lattice model. In Sec. 3, we employ our model to simulate the porous plate couette flow problem and the natural convection flow in a square cavity. The final section concludes this study.
Theory of Thermal Lattice Boltzmann Model
We start from the derivation of the internal energy density distribution from the continuous Boltzmann equation. The Boltzmann equation with the BhatnagarGross-Krook (BGK), or single-relaxation-time approximation 8, 9 with external force is given by
where f ≡ f (x, c, t) is the single-particle distribution function, c is the microscopic velocity, τ v is the relaxation time due to collision, F f is the external force, and f eq is the local Maxwell-Boltzmann equilibrium distribution function given by
where R is the ideal gas constant, D is the dimension of the space, and ρ, u, and T are the macroscopic density of mass, velocity, and temperature respectively. The macroscopic variables ρ, u, and T can be evaluated as the moment to the
By applying the Chapmann-Enskog expansion, 10 the above equations can lead to macroscopic continuity, momentum and energy equation. However the Prandtl number obtained is fixed to a constant value.
11 This is caused by the use of single relaxation time in the collision process. The relaxation time of energy carried by the particles to its equilibrium is different to that of momentum. Therefore we need to use a different two relaxation times to characterize the momentum and energy transport. This is equivalent in introducing a new distribution function to define energy.
To obtain the new distribution function modeling energy transport, the new variable, the internal energy density distribution function is introduced
Substituting Eq. (4) into Eq. (1) results in
where
and
are the equilibrium distribution function for internal energy, the term due to the external force, and the heat dissipation term respectively. Equation (4) represents the internal energy carried by the particles and therefore Eq. (5) can be called as the evolution equation of internal energy density distribution function. The macroscopic variables can thus be redefined in term of distribution function f and g as
In this paper, we will apply the method proposed by Peng et al. 12 which consider that the viscous heat dissipation can be neglected for the incompressible flow. So here, we neglect the dissipation and the external force in the evolution equation of internal energy density distribution function as follow ∂g ∂t
By omitting the dissipation term, the complicated gradient operator in the evolution equation of internal energy distribution function can be dropped. 
Discretization of velocity space
In order to apply the lattice Boltzmann scheme into the digital computer, the evolution equation of the continuous lattice Boltzmann BGK equation for the momentum and energy needs to be discretised in the velocity space. Expanding both of the equilibrium distribution function up to u 2 results in
Regrouping Eq. (12) to avoid higher order quadrature gives
It has been proven by Guo 14 that the zeroth through second order moments in the last square bracket and the zeroth and first order moments in the second square bracket in the right hand side of Eq. (13) vanish. The exclusion of the second order moments in the second square bracket in Eq. (13) only related to the constant parameter in the thermal conductivity which can be absorbed by manipulating the parameter τ c in the computation. Therefore by dropping the terms in the last two square brackets on the right hand side of Eq. (13) gives
For low Mach number flows, the internal energy density equilibrium distribution function can be further simplified by neglecting the term O(u 2 ) gives
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To recover the macroscopic equation, the zeroth-to third-order moments of f eq and zeroth-to second-order moments of g eq must be exact. In general
where I f and I g should be exact for m equal to zero till three and zero till two respectively. Now we introduce new variables φ f and φ g defined by
Rewriting Eq. (16) after substituting Eqs. (17) and (18) gives
where f and g refer to the density and internal energy density distribution functions respectively. For simplicity we normalized the microscopic velocity as c = √
Equation (20) can be calculated by using the Gauss-Hermite quadrature. 15 Hence, the Gauss-Hermite quadrature must consistently give accurate result for quadratures of zeroth-to-fifth-order of velocity moment of f eq and zeroth-to-third order for g eq . This implies that we can choose third-order Gauss-Hermite quadrature in evaluating I f and second order Gauss-Hermitte quadrature for I g . Therefore Eq. (20) can be evaluated as follows
where N is the number of abscissas, W k is the corresponding weight coefficient, and ζ k is the Gaussian abscissa. For two dimensional, D = 2, third-order Gauss-Hermite quadrature N = 3, the value for W k and ζ k are
2442 C. S. Nor Azwadi & T. Tanahashi and for second order Gauss-Hermitte quadrature N = 2,
Then we obtained the expression for the discretised density equilibrium distribution function as follows
where c = √ 3RT and the weights are ω 1 = 4/9, ω 2 = ω 3 = ω 4 = ω 5 = 1/9, and, ω 6 = ω 7 = ω 8 = ω 9 = 1/36. This is equivalent to the well-known D2Q9 model. 16 Lattice structure of this model is shown in Fig. 1 .
After some modification in order to satisfy macroscopic energy equation via Chapmann-Enskog expansion procedure, the discretised internal energy density distribution function is obtained as
This new type of lattice structure for internal energy density distribution is shown in Fig. 2 . 
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Through a multiscaling expansion, the mass and momentum equations can be derived for D2Q9 model. The detail derivation of this is given by Luo et al. 17 and will not be shown here. The kinematic viscosity is given by
The energy equation at the macroscopic level can be expressed as follows
where χ is the thermal diffusivity. Thermal diffusivity and the relaxation time of internal energy distribution function is related as
Numerical Simulations
In the previous section, we have developed a new type of lattice model for the internal energy density distribution function. In this section, we shall apply the newly developed model to simulate heat transfer in porous plate couette flow problem and natural convection flow in square cavity.
Porous plate couette flow
Consider two infinite parallel flat plates separated by a distance of L. The upper cool plate at temperature T c moves at speed L, and the lower hot plate at temperature T h is stationary. A constant normal flow of fluid is injected through the bottom hot plate and withdrawn at the same rate from the upper plate. The analytical solution of the velocity field in steady state is given by
where Re is the Reynolds number based on the inject velocity v 0 . The temperature profile in the steady state satisfies
where ∆T = T H − T C is the temperature difference between the hot and cool walls. P r = ν/χ is the Prandtl number. Another dimensionless parameter is the Rayleigh number defined by Ra = gβ∆T L 3 /νχ. Periodic boundary conditions are used at the entrance and exit of the channel, and the non-equilibrium bounce back boundary conditions 18 for velocity. The unknown density distribution function at the boundary nodes can be determined from
where c α and c β have opposite directions. 
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For temperature boundary condition, we used the non-equilibrium bounce back boundary condition proposed by Guo et al. 7 For the known temperature at the boundary node x b , the internal energy distribution function is given by
where x f is the nearest fluid nodes. The normalized temperature profile for P r = 0.71, Ra = 100 and Re = 5, 10, 20 and 30 are shown in Fig. 3 . Figure 4 shows the result for Ra = 100, Re = 10 and P r = 0.2, 0.8 and 1.5. They agree well with the analytical solution. To show that our model is suitable and numerically stable for a wide range of Rayleigh number, we have done the computations for Ra = 10 till Ra = 60000 at P r = 0.71 and Re = 10. The result is shown in Fig. 5 .
Natural convection flow in square cavity
Another good benchmark test is a natural convection in a two-dimensional square cavity with a hot wall on the left side and cool wall on the right side as shown in Fig. 6 . The temperature difference between the left and right walls introduces a temperature gradient in a fluid, and the consequent density difference induces a fluid motion, that is, convection.
The Boussinesq approximation is applied to the buoyancy force term. With this approximation, it is assumed that all fluid properties β and ν can be considered as constant in the body force term except for the temperature dependence of the density in the gravity term. where β is the thermal expansion coefficient, g 0 is the acceleration due to gravity, T m is the average temperature, and j is the vertical direction opposite to that of gravity. The dynamical similarity depends on two dimensionless parameters: the Prandtl number P r and the Rayleigh number Ra,
In all simulations, P r is set to be 0.71 and through the grid dependence study by Peng et al.
12 the grid sizes of 101×101 for Ra = 10 3 , and 151×151 for Ra = 10 
Conclusion
In this paper, we have developed a new type of lattice model which only use fourvelocity for internal energy density distribution function in incompressible limit. Both of the evolution equations have been directly derived from the continuous Boltzmann equation and Maxwell-Boltzmann equilibrium distribution function. We have demonstrated that by neglecting the compression work done by the pressure and viscous heat dissipation, this model does not include the complex gradient term in evolution equation and easier to be implemented as compared with the original thermal model. The numerical result of the porous couette flow problem for a wide range of Rayleigh numbers shows that our model is more suitable and numerically stable for the computational of high Rayleigh number. The numerical results also agree well with the analytical solutions.
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Computations of natural convection in square cavity correctly predicted the flow feature for different Rayleigh number and gives very good agreement with the result of previous studies. Our model also uses very much shorter simulation time and can be used effectively in engineering applications.
The present model can be easily extended to three-dimensional model and will be considered in future studies.
